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Abstract
We present the construction of the D = 4 supergravity action from
the minimal Maxwell superalgebra sM4, which can be derived from the
osp (4|1) superalgebra by applying the abelian semigroup expansion pro-
cedure. We show that N = 1, D = 4 pure supergravity can be obtained
alternatively as the MacDowell-Mansouri like action built from the cur-
vatures of the Maxwell superalgebra sM4. We extend this result to
all minimal Maxwell superalgebras type sMm+2. The invariance under
supersymmetry transformations is also analized.
1 Introduction
It is well known that the so-called Maxwell algebra M corresponds to a
modification of the Poincare´ symmetries, where a constant electromagnetic field
background is added to the Minkowski space [1, 2, 3, 4, 5, 6]. In D = 4 this
algebra is obtained by adding to the Poincare´ generators (Jab, Pa) the tensorial
central charges Zab, modifying the commutativity of the translation generators
Pa as follows
[Pa, Pb] = Zab. (1)
In this way, the Maxwell algebra is an enlargement of Poincare´ algebra, i.e., if
we consider Zab = 0 we recover the Poincare´ algebra.
Recently, it was shown that the Maxwell algebra can be obtained as an
expansion procedure of the AdS Lie algebra so(3, 2) [7, 8]. In particular, in Ref.
[8] it was shown that the Maxwell algebra can be derived using the S-expansion
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procedure introduced in Ref. [9], using S
(2)
E = {λ0, λ1, λ2, λ3} as the relevant
semigroup . Furthermore, this result was extended to all Maxwell algebras
type Mm which can be obtained as an S-expansion of the AdS algebra using
S
(N)
E = {λα}N+1α=0 as an abelian semigroup [10]. The S-expansion procedure is
not only an useful method to derive new Lie (super)algebras but it is a powerful
tool in order to build new (super)gravity theories. For example, it was also
shown that standard odd-dimensional General Relativity can be obtained from
Chern–Simons gravity theory for theseMm algebras1 and recently it was found
that standard even-dimensional General Relativity emerges as a limit of a Born-
Infeld like theory invariant under a certain subalgebra of the Lie algebra Mm
[10, 11, 12, 13].
In Ref. [14], it was shown that the N = 1, D = 4 Maxwell superalgebra
sM can be obtained as an enlargement of the Poincare´ superalgebra. This
is particularly interesting since it describes the supersymmetries of generalized
N = 1, D = 4 superspace in the presence of a constant abelian supersymmetric
field strength background. Very recently it was shown that minimal Maxwell
superalgebra sM can be obtained using the Maurer Cartan expansion method
[7]. Subsequently, this superalgebra and its generalization sMm+2 have been
obtained as an S-expansion of the osp (4|1) superalgebra [15]. This family
of superalgebras which contain the Maxwell algebras type Mm+2 as bosonic
subalgebras may be viewed as a generalization of the D’Auria-Fre´ superalgebra
[16] and Green algebras [17].
It is the purpose of this work to construct the minimal D = 4 supergravity
action from the minimal Maxwell superalgebra sM4. To this aim, we apply
the S-expansion procedure to the osp (4|1) superalgebra and we build a Mac
Dowell-Mansouri like action with the expanded 2-form curvatures. We show
that N = 1, D = 4 pure supergravity can be derived alternatively as the
MacDowell-Mansouri like action from the minimal Maxwell superalgebra sM4.
This result corresponds to a supersymmetric extension of Ref. [12] in which
four-dimensional General Relativity is derived from Maxwell algebra as a Born-
Infeld like action. We extend this result to all minimal Maxwell superalgebras
type sMm+2 in D = 4. Interestingly, when the simplest Maxwell superalgebra
is considered we obtain the action found in Ref. [18].
This work is organized as follows: In Section II, we briefly review the princi-
pal aspects of the S-expansion procedure. In section III, we review the N = 1,
D = 4 supergravity with cosmological constant for the osp (4|1) superalgebra.
Section IV and V contain our main results. In section IV, we obtain the super-
gravity action as a Mac Dowell-Mansouri like action from the Maxwell superal-
gebra sM4. We show that this action describes pure supergravity. In section
V we extend our results to all minimal Maxwell superalgebras type sMm+2 and
we study the invariance under supersymmetry. Section VI concludes the work
with some comments.
1Also known as generalized Poincare´ algebras Bm.
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2 S-expansion procedure
It is the purpose of this section to review the main properties of the S-
expansion method introduced in Ref. [9].
The S-expansion procedure consists in combining the inner multiplication
law of a semigroup S with the structure constants of a Lie algebra g. Let
S = {λα} be an abelian semigroup with 2-selector K γαβ defined by
K γαβ =
{
1 when λαλβ = λγ ,
0 otherwise,
(2)
and g a Lie (super)algebra with basis {TA} and structure constants C CAB ,
[TA,TB] = C
C
AB TC . (3)
Then, the direct product G = S × g is also a Lie (super)algebra with structure
constants C
(C,γ)
(A,α)(B,β) = K
γ
αβ C
C
AB , given by
[
T(A,α),T(B,β)
]
= C
(C,γ)
(A,α)(B,β) T(C,γ). (4)
The Lie algebra G defined by G = S × g is called S-expanded algebra of g.
When the semigroup has a zero element 0S ∈ S, it plays a somewhat peculiar
role in the S-expanded algebra. The algebra obtained by imposing the condition
0STA = 0 on G is called 0S-reduced algebra of G.
Interestingly, it is possible to extract smaller algebras from S×g. However,
before to extract smaller algebras it is necessary to apply a decomposition of
the original algebra g. Let g =
⊕
p∈I Vp be a decomposition of g in subspaces
Vp, where I is a set of indices. Then for each p, q ∈ I it is always possible to
define i(p,q) ⊂ I such that
[Vp, Vq] ⊂
⊕
r∈i(p,q)
Vr. (5)
Now, let S =
⋃
p∈I Sp be a subset decomposition of the abelian semigroup S
such that
Sp · Sq ⊂
⋃
r∈i(p,q)
Sp. (6)
When such subset decomposition exists, then we say that this decomposition is
in resonance with the subspace decomposition of g. Defining the subspaces of
G = S × g,
Wp = Sp × Vp, p ∈ I (7)
we have that
GR =
⊕
p∈I
Wp, (8)
is a subalgebra of G = S × g, and it is called a resonant subalgebra of the
S-expanded algebra G.
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Another case of smaller algebra can be derived when the semigroup has a
zero element 0S ∈ S. The algebra obtained by imposing the condition 0STA = 0
on G is called 0S-reduced algebra of G. Additionally a reduced algebra can be
extracted from a resonant subalgebra.
A useful property of the S-expansion procedure is that it provides us with an
invariant tensor for the S-expanded algebra G = S × g in terms of an invariant
tensor for g. As was shown in Ref. [9] the theorem VII.1 provide a general
expression for an invariant tensor for an expanded algebra.
Theorem VII.1: Let S be an abelian semigroup, g a Lie (super)algebra
of basis {TA}, and let 〈TAn · · ·TAn〉 be an invariant tensor for g. Then, the
expression
〈T(A1,α1) · · ·T(An,αn)〉 = αγK γα1···αn 〈TA1 · · ·TAn〉 (9)
where αγ are arbitrary constants and K
γ
α1···αn is the n-selector for S, corre-
sponds to an invariant tensor for the S-expanded algebra G = S × g.
The proofs of these definitions and theorem can be found in Ref. [9].
3 N = 1, D = 4 AdS Supergravity
In Ref. [19] was presented a geometric formulation of N = 1 supergrav-
ity in four dimensions, where the relevant gauge fields of the theory are those
corresponding to the osp(4|1) supergroup. The resulting action, constructed
only in terms of the gauge fields, leads to N = 1 supergravity plus cosmological
and topological terms. In this section a brief review of this construction is
considered.
The (anti)-commutation relations for the osp (4|1) superalgebra are given by
[
J˜ab, J˜cd
]
= ηbcJ˜ad − ηacJ˜bd − ηbdJ˜ac + ηadJ˜bc, (10)[
J˜ab, P˜c
]
= ηbcP˜a − ηacP˜b, (11)[
P˜a, P˜b
]
= J˜ab, (12)[
J˜ab, Q˜α
]
= −1
2
(
γabQ˜
)
α
,
[
P˜a, Q˜α
]
= −1
2
(
γaQ˜
)
α
, (13)
{
Q˜α, Q˜β
}
= −1
2
[(
γabC
)
αβ
J˜ab − 2 (γaC)αβ P˜a
]
, (14)
where J˜ab, P˜a and Q˜α correspond to the Lorentz generators, the AdS boost
generators and the fermionic generators, respectively.
In order to write down a Lagrangian for this algebra, we start from the
one-form gauge connection
A =
1
2
ωabJab +
1
l
eaPa +
1√
l
ψαQα, (15)
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and the associated two-form curvature F = dA+A ∧A
F = FATA =
1
2
RabJab + 1
l
RaPa +
1√
l
ραQα, (16)
where
Rab = dωab + ωacωcb +
1
l2
eaeb +
1
2l
ψ¯γabψ,
Ra = dea + ωabe
b − 1
2
ψ¯γaψ,
ρ = dψ +
1
4
ωabγ
abψ +
1
2l
eaγaψ = Dψ +
1
2l
eaγaψ.
The one-forms ea, ωab and ψ are respectively the vierbein, the spin connection
and the gravitino field (a Majorana spinor, i.e, ψ¯ = ψTC, where C is the charge
conjugation matrix).
Here we have introduced a length scale l. This is done because we have
chosen the Lie algebra generators TA = {Jab, Pa, Qα} as dimensionless and thus
the one form connection A = AAµTAdx
µ must also be dimensionless. However,
the vierbein ea = eaµdx
µ must have dimensions of length if it is related to
the spacetime metric gµν through the usual equation gµν = e
a
µe
b
νηab. This
means that the ”true” gauge field must be considered as ea/l, with l a length
parameter. In the same way, as the gravitino ψ = ψµdx
µ has dimensions of
(length)
1/2
, we must consider that ψ/
√
l is the gauge field of supersymmetry.
The general form of an action constructed with the 2-form curvature (16) is
given by
S = 2
∫
〈F ∧ F 〉 = 2
∫
FA ∧ FB 〈TATB〉 . (17)
Let us note that if we choose 〈TATB〉 as an invariant tensor (which satisfies
the Bianchi identity) for the Osp (4|1) supergroup, then the action (17) is a
topological invariant and gives no equations of motion. Nevertheless, with the
following choice of the invariant tensor
〈TATB〉 =
{ 〈JabJcd〉 = ǫabcd
〈QαQβ〉 = 2 (γ5)αβ (18)
the action (17) becomes
S = 2
∫
1
4
RabRabǫabcd + 2
l
ρ¯γ5ρ (19)
which corresponds to the Mac Dowell-Mansouri action [19]. This choice of the
invariant tensor, which is necessary in order to reproduce a dynamical action,
breaks the Osp (4|1) supergroup to their Lorentz subgroup.
The explicit form of the action is given by,
S =
∫
1
2
ǫabcd
(
RabRcd +
2
l2
Rabeced +
1
l4
eaebeced +
2
l3
ψ¯γabψeced
)
+
4
l2
ψ¯eaγaγ5Dψ +
4
l
d
(
ψ¯γ5Dψ
)
(20)
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which can be written, modulo boundary terms, as follow
S =
∫
1
l2
(
ǫabcdR
abeced + 4ψ¯eaγaγ5Dψ
)
+
1
2
ǫabcd
(
1
l4
eaebeced +
2
l3
ψ¯γabψeced
)
.
(21)
The action (21) corresponds to the Mac Dowell-Mansouri action for the osp (4|1)
superalgebra [19, 20]. This action, describing N = 1, D = 4 supergravity, is not
invariant under the osp (4|1) gauge transformations. However the invariance of
the action under supersymmetry transformation can be obtained modifying the
spin connection ωab supersymmetry transformation [21].
4 D = 4 Supergravity from minimal Maxwell su-
peralgebra sM4
It was shown in Ref. [15] that the minimal Maxwell superalgebra sM4 in D = 4
can be found by an S-expansion of the osp (4|1) superalgebra given by (10)−(14).
In fact, following [15] let us consider the S-expansion of the Lie superalgebra
osp (4|1) using S(4)E = {λ0, λ1, λ2, λ3, λ4, λ5} as an abelian semigroup. The
elements of the semigroup are dimensionless and obey the multiplication law
λαλβ =
{
λα+β , when α+ β ≤ λ5,
λ5, when α+ β > λ5,
(22)
where λ5 plays the role of the zero element of the semigroup. After extracting a
resonant subalgebra and considering a reduction, one finds a new algebra, whose
generators Jab = λ0J˜ab, Pa = λ2P˜a, Z˜ab = λ2J˜ab, Zab = λ4J˜ab, Qα = λ1Q˜α,
Σα = λ3Q˜α satisfy the following commutation relations
[Jab, Jcd] = ηbcJad − ηacJbd − ηbdJac + ηadJbc, (23)
[Jab, Pc] = ηbcPa − ηacPb, [Pa, Pb] = Zab, (24)
[Jab, Zcd] = ηbcZad − ηacZbd − ηbdZac + ηadZbc, (25)
[Pa, Qα] = −1
2
(γaΣ)α , (26)
[Jab, Qα] = −1
2
(γabQ)α , (27)
[Jab,Σα] = −1
2
(γabΣ)α , (28)
{Qα, Qβ} = −1
2
[(
γabC
)
αβ
Z˜ab − 2 (γaC)αβ Pa
]
, (29)
{Qα,Σβ} = −1
2
(
γabC
)
αβ
Zab, (30)
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[
Jab, Z˜ab
]
= ηbcZ˜ad − ηacZ˜bd − ηbdZ˜ac + ηadZ˜bc, (31)[
Z˜ab, Z˜cd
]
= ηbcZad − ηacZbd − ηbdZac + ηadZbc, (32)[
Z˜ab, Qα
]
= −1
2
(γabΣ)α , (33)
others = 0. (34)
This new superalgebra obtained after a reduced resonant S-expansion of osp (4|1)
superalgebra corresponds to a minimal superMaxwell algebra sM4 in D = 4
which contains the Maxwell algebra M4 = {Jab, Pa, Zab} and the Lorentz type
subalgebra LM4 = {Jab, Zab} as subalgebras. One can see that setting Z˜ab = 0
leads us to the minimal Maxwell superalgebra introduced in Ref. [14]. This can
be done since the Jacobi identities for spinors generators are satisfied due to the
gamma matrix identity (Cγa)(αβ (Cγa)γδ) = 0 (cyclic permutations of α, β, γ).
An alternative expansion method to obtain the minimal Maxwell superalgebra
can be found in Ref. [7].
In order to write down an action for sM4, we start from the one-form gauge
connection
A =
1
2
ωabJab +
1
2
k˜abZ˜ab +
1
2
kabZab +
1
l
eaPa +
1√
l
ψαQα +
1√
l
ξαΣα, (35)
where the 1-form gauge fields are given by
ωab = ω(ab,0) = λ0ω˜
ab, ea = e(a,2) = λ2e˜
a,
k˜ab = ω(ab,2) = λ2ω˜
ab, ψα = ψ(α,1) = λ1ψ˜
α,
kab = ω(ab,4) = λ4ω˜
ab, ξα = ψ(α,3) = λ3ψ˜
α,
in terms of e˜a, ω˜ab and ψ˜ which are the components of the osp (4|1) connection.
The associated two-form curvature F = dA+A ∧ A is
F = FATA =
1
2
RabJab+
1
l
RaPa+
1
2
F˜ abZ˜ab+
1
2
F abZab+
1√
l
ΨαQα+
1√
l
ΞαΣα,
(36)
where
Rab = dωab + ωacω
cb, (37)
Ra = dea + ωabe
b − 1
2
ψ¯γaψ, (38)
F˜ ab = dk˜ab + ωack˜
cb − ωbck˜ca +
1
2l
ψ¯γabψ, (39)
F ab = dkab + ωack
cb − ωbckca + k˜ack˜cb +
1
l2
eaeb +
1
l
ξ¯γabψ, (40)
Ψ = dψ +
1
4
ωabγ
abψ = Dψ, (41)
Ξ = dξ +
1
4
ωabγ
abξ +
1
4
k˜abγ
abψ +
1
2l
eaγaψ
= Dξ +
1
4
k˜abγ
abψ +
1
2l
eaγaψ. (42)
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From the Bianchi identity ∇F = 0, where ∇ = d + [A, ·], it is possible to show
that the Lorentz covariant exterior derivatives of the curvatures are given by,
DRab = 0, (43)
DRa = Rabe
b + ψ¯γaΨ, (44)
DF˜ ab = Rack˜
cb −Rbck˜ca −
1
l
ψ¯γabΨ (45)
DF ab = Rack
cb −Rbckca + F˜ ack˜cb − F˜ bck˜ca +
1
l2
Raeb − 1
l2
eaRb (46)
+
1
l
Ξ¯γabψ − 1
l
ξ¯γabΨ, (47)
DΨ =
1
4
Rabγ
abψ, (48)
DΞ =
1
4
Rabγ
abξ − 1
4
k˜abγ
abΨ+
1
4
F˜abγ
abψ +
1
2l
Raγaψ − 1
2l
eaγaΨ. (49)
Then, the action can be written as
S = 2
∫
〈F ∧ F 〉 = 2
∫
FA ∧ FB 〈TATB〉 , (50)
where 〈TATB〉 corresponds to an S-expanded invariant tensor which is obtained
from (18). Using Theorem VII.1 of Ref.[9] it is possible to show that these
components are given by
〈JabJcd〉sM4 = α0 〈JabJcd〉 , (51)〈
JabZ˜cd
〉
sM4
= α2 〈JabJcd〉 , (52)〈
Z˜abZ˜cd
〉
sM4
= α4 〈JabJcd〉 , (53)
〈JabZcd〉sM4 = α4 〈JabJcd〉 , (54)
〈QαQβ〉sM4 = α2 〈QαQβ〉 , (55)
〈QαΣβ〉sM4 = α4 〈QαQβ〉 , (56)
where
〈JabJcd〉 = ǫabcd (57)
〈QαQβ〉 = 2 (γ5)αβ (58)
and the α’s are dimensionless arbitrary independent constants.
Considering the different components of the invariant tensor (51)− (56) and
the two-form curvature (36), we found that the action can be written as
S = 2
∫ (
1
4
α0ǫabcdR
abRcd +
1
2
α2ǫabcdR
abF˜ cd +
1
2
α4ǫabcdR
abF cd
+
1
4
α4ǫabcdF˜
abF˜ cd +
2
l
α2Ψ¯γ5Ψ+
4
l
α4Ψ¯γ5Ξ
)
(59)
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or explicitly,
S =
∫
α0
2
ǫabcdR
abRcd + α2ǫabcd
(
RabDk˜cd +
1
2l
Rabψ¯γcdψ
)
+
4
l
α2Dψ¯γ5Dψ + α4ǫabcd
(
RabDkcd +
1
2
Dk˜abDk˜cd +
1
l2
Rabeced
+
1
2l
Dk˜abψ¯γcdψ +Rabk˜cf k˜
fd +
1
l
Rabξ¯γcdψ
)
+
8
l
α4Dψ¯γ5Dξ +
2
l
α4Dψ¯γ5k˜abγ
abψ +
4
l2
α4ψ¯e
aγaγ5Dψ (60)
where D = d+ [ω, ·] . Using the gravitino Bianchi identity
DΨ =
1
4
Rabγabψ, (61)
and the gamma matrix identity
2γabγ5 = −ǫabcdγcd, (62)
it is possible to show that,
1
2
ǫabcdR
abψ¯γabψ + 4Dψ¯γ5Dψ = d
(
4Dψ¯γ5ψ
)
,
ǫabcdR
abξ¯γcdψ + 8Dξ¯γ5Dψ = d
(
8Dξ¯γ5ψ
)
,
1
2
ǫabcdDk˜
abψ¯γcdψ + 2ψ¯k˜abγabγ5Dψ = d
(
ψ¯k˜abγabγ5ψ
)
.
Thus the Mac Dowell-Mansouri like action for the sM4 superalgebra is finally
given by
S =
∫
α0
2
ǫabcdR
abRcd + α2d
(
ǫabcdR
abk˜cd +
4
l
Dψ¯γ5ψ
)
+ α4
[
1
l2
ǫabcdR
abeced +
4
l2
ψ¯eaγaγ5Dψ
+d
(
ǫabcd
(
Rabkcd +
1
2
Dk˜abk˜cd
)
+
8
l
ξ¯γ5Dψ +
1
l
ψ¯k˜abγabγ5ψ
)]
(63)
Here we can see that the lagrangian is split into three independent pieces pro-
portional to α0, α2 and α4. The term proportional to α0 corresponds to the
Euler invariant. The piece proportional to α2 is a boundary term. The term
proportional to α4 contains the Einstein-Hilbert term ǫabcdR
abeced plus the
Rarita-Schwinger lagrangian 4ψ¯eaγaγ5Dψ, and a boundary term.
From (63) we can see that the minimal Maxwell superalgebra sM4 leads
us to the pure supergravity action plus boundary terms. In this way the new
Maxwell gauge fields do not contribute to the dynamics and enlarge only the
boundary terms. Furthermore, as a consequence of the S-expansion procedure
9
the supersymmetric cosmological term disappears completely from the action
for sM4.
This result is particularly interesting since it corresponds to the supersym-
metric case of Refs. [10, 12], where Einstein-Hilbert action is obtained from
Maxwell algebra2 as a Born-Infeld like action.
Let us note that if we consider k˜ab = 0, the term proportional to α4 corre-
sponds to the action found in [18], namely
S|k˜ab=0 = α4
∫
1
l2
(
ǫabcdR
abeced + 4ψ¯eaγaγ5Dωψ
)
+d
(
ǫabcdR
abkcd +
8
l
ξ¯γ5Dωψ
)
(64)
which corresponds to four-dimensional pure supergravity plus a boundary term.
This is not a surprise but something expected, because as we said before setting
Z˜ab = 0 in sM4 leads us to the simplest minimal Maxwell superalgebra [15],
whose two-form curvature associated allows the construction of (64) as was
shown in [18].
It would be interesting to study the possibility to obtain the action (63) from
the approach considered in Ref. [22] in which N = 1 and N = 2 supergravities
are constructed in the presence of a non trivial boundary.
4.1 sM4 gauge transformations and supersymmetry
The gauge transformation of the connection A is
δρA = Dρ = dρ+ [A, ρ] (65)
where ρ is the sM4 gauge parameter,
ρ =
1
2
ρabJab +
1
2
κ˜abZ˜ab +
1
2
κabZab +
1
l
ρaPa +
1√
l
ǫαQα +
1√
l
̺αΣα. (66)
Then, using
δ
(
AATA
)
= dρ+
[
ABTB, ρ
CTC
]
, (67)
2also known as B4 algebra
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the sM4 gauge transformation are given by
δωab = Dρab, (68)
δk˜ab = Dκ˜ab −
(
k˜ac ρ
b
c − k˜bcρac
)
− 1
l
ǫ¯γabψ, (69)
δkab = Dκab − (kacρbc − kbcρac)−
(
k˜acκ˜bc − k˜bcκ˜ac
)
+
2
l2
eaρb − 1
l
¯̺γabψ − 1
l
ǫ¯γabξ, (70)
δea = Dρa + ebρ ab + ǫ¯γ
aψ, (71)
δψ = dǫ +
1
4
ωabγabǫ− 1
4
ρabγabψ, (72)
δξ = d̺+
1
4
ωabγab̺+
1
2l
eaγaǫ− 1
2l
ρaγaψ − 1
4
ρabγabξ
+
1
4
k˜abγabǫ− 1
4
κ˜abγabψ. (73)
In the same way, from the gauge variation of the curvature
δρF = [F, ρ] (74)
it is possible to show that the gauge transformations of the curvature F are
given by
δRab = Racρ bc −Rcbρac, (75)
δF˜ ab =
(
Racκ˜ bc −Rbcκ˜ac
)− (F˜ acρbc − F˜ bcρac
)
− 1
l
ǫ¯γabΨ, (76)
δF ab =
(
Racκ bc −Rbcκac
)− (F acρbc − F bcρac)−
(
F˜ acκ˜bc − F˜ acκ˜ac
)
+
2
l2
Raρb − 1
l
¯̺γabΨ− 1
l
ǫ¯γabΞ, (77)
δRa = Rabρ
b +Rbρ ab + ǫ¯γ
aΨ, (78)
δΨ =
1
4
Rabγabǫ− 1
4
ρabγabΨ, (79)
δΞ =
1
4
Rabγab̺+
1
2l
Raγaǫ − 1
2l
ρaγaΨ− 1
4
ρabγabΞ +
1
4
F˜ abγabǫ− 1
4
κ˜abγabΨ,
(80)
Although the Mac Dowell-Mansouri like action (63) is built from the sM4
curvature, it is not invariant under the sM4 gauge transformations. As we
can see the action does not correspond to a Yang-Mills action, nor a topological
invariant.
Furthermore, the action is not invariant under gauge supersymmetry. In
fact, if we consider the variation of the action (63) under gauge supersymmetry
, we find
δsusyS = − 4
l2
α4
∫
RaΨ¯γaγ5ǫ. (81)
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As in osp (4|1) and super-Poincare´ cases, the action is invariant under gauge
supersymmetry imposing the super torsion constraint
Ra = 0. (82)
This yields to express the spin connection ωab in terms of the vielbein and the
gravitino fields. This leads to the supersymmetric action for sM4 superalgebra
in second order formalism.
Alternatively, it is possible to have supersymmetry in first order formalism
if we modify the supersymmetry transformation for the spin connection ωab. In
fact, if we consider the variation of the action under an arbitrary δωab we find
δωS =
2
l2
α4
∫
ǫabcdR
aebδωcd, (83)
thus the variation vanish for arbitrary δωab if Ra = 0. Similarly to Ref. [21],
it is possible to modify δωab adding an extra piece to the gauge transformation
such that the variation of the action can be written as
δS = − 4
l2
α4
∫
Ra
(
Ψ¯γaγ5ǫ− 1
2
ǫabcde
bδextraω
cd
)
. (84)
In order to have an invariant action, δextraω
ab is given by
δextraω
ab = 2ǫabcd
(
Ψ¯ecγdγ5ǫ+ Ψ¯deγcγ5ǫ− Ψ¯cdγeγ5ǫ
)
ee, (85)
with Ψ¯ = Ψ¯abe
aeb.
Then the action in the first order formalism is invariant under the following
supersymmetry transformations
δωab = 2ǫabcd
(
Ψ¯ecγdγ5ǫ+ Ψ¯deγcγ5ǫ− Ψ¯cdγeγ5ǫ
)
ee, (86)
δk˜ab = −1
l
ǫ¯γabψ, (87)
δkab = −1
l
ǫ¯γabξ, (88)
δea = ǫ¯γaψ, (89)
δψ = dǫ+
1
4
ωabγabǫ = Dǫ, (90)
δξ =
1
2l
eaγaǫ+
1
4
k˜abγabǫ. (91)
On the other hand, it is important to note that there is a new supersymmetry
related to the spinor charge Σ. The new supersymmetry transformations are
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given by
δωab = 0, (92)
δk˜ab = 0, (93)
δkab = −1
l
¯̺γabψ, (94)
δea = 0, (95)
δψ = 0, (96)
δξ = d̺+
1
4
ωabγab̺. (97)
Considering the variation of the action (63) under the new gauge supersymmetry
transformations, we find that the action is truly invariant
δS = 0. (98)
Then one can see that the action is off-shell invariant under a subalgebra of
sM4 given by sLM4 =
{
Jab, Z˜ab, Zab,Σα
}
which corresponds to a Lorentz
type superalgebra. These results are interesting since we have shown that
the Poincare´ supersymmetry is not the only supersymmetry of D = 4 pure
supergravity.
5 D = 4 Supergravity from the minimal Maxwell
superalgebra type sMm+2
It was shown in Ref. [15] that the D = 4 minimal superMaxwell algebra
type sMm+2 can be found by an S-expansion of the osp (4|1) superalgebra given
by (10) − (14). In fact, following [15] let us consider the S-expansion of the
Lie superalgebra osp (4|1) using S(2m)E = {λ0, λ1, λ2, · · · , λ2m+1} as the relevant
finite abelian semigroup. The elements of the semigroup are dimensionless and
obey the multiplication law
λαλβ =
{
λα+β , when α+ β ≤ λ2m+1,
λ2m+1, when α+ β > λ2m+1,
(99)
where λ2m+1 plays the role of the zero element of the semigroup S
(2m)
E . After
extracting a resonant subalgebra and considering a reduction, one finds the
D = 4 minimal Maxwell superalgebra type sMm+2. The new superalgebra
obtained by the S-expansion procedure is generated by{
Jab,(k), Pa,(l), Qα,(k)
}
, (100)
where these new generators can be written as
Jab,(k) = λ2kJ˜ab, (101)
Pa,(l) = λ2lP˜a, (102)
Qα,(p) = λ2p−1Q˜α, (103)
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with k = 0, . . . ,m; l = p = 1, . . . ,m. Here, the generators J˜ab, P˜a and Q˜α corre-
spond to the osp (4|1) generators. The new generators satisfy the commutation
relations
[
Jab,(k), Jcd,(j)
]
= ηbcJad,(k+j) − ηacJbd,(k+j) − ηbdJac,(k+j) + ηadJbc,(k+j),
(104)[
Jab,(k), Pa,(l)
]
= ηbcPa,(k+l) − ηacPb,(k+l), (105)[
Pa,(l), Pb,(n)
]
= Jab,(l+n), (106)[
Jab,(k), Qα,(p)
]
= −1
2
(γabQ)α,(k+p) , (107)
[
Pa,(l), Qα,(p)
]
= −1
2
(γaQ)α,(l+p) , (108)
{
Qα,(p), Qβ,(q)
}
= −1
2
[(
γabC
)
αβ
Jab,(p+q) − 2 (γaC)αβ Pa,(p+q)
]
. (109)
Naturally, when k + j > m the generators T
(k)
A and T
(j)
B are abelian. One sees
that if we redefine the generators as
Jab = Jab,0 = λ0J˜ab, Pa = Pa,2 = λ2P˜a,
Z
(k)
ab = Jab,4k = λ4kJ˜ab, Z
(l)
a = Pa,4l+2 = λ4l+2P˜a,
Z˜
(k)
ab = Jab,4k−2 = λ4k−2J˜ab, Z˜
(l)
a = Pa,4l = λ4lP˜a,
Qα = Qα,1 = λ1Q˜α, Σ
(k)
α = Qα,4k−1 = λ4k−1Q˜α,
Φ
(l)
α = Qα,4k+1 = λ4k+1Q˜α,
we obtain the commutation relations for sMm+2 introduced in [15]. However, if
we want to build an action and avoid extensive terms we shall use (101)− (103).
In order to write down a Lagrangian for sMm+2, we start from the one-form
gauge connection
A =
1
2
∑
k
ωab,(k)Jab,(k) +
1
l
∑
l
ea,(l)Pa,(l) +
1√
l
∑
p
ψα,(p)Qα,(p), (110)
where the different components are given by
ωab,(k) = λ2kω˜
ab, (111)
ea,(l) = λ2le˜
a, (112)
ψα,(p) = λ2p−1ψ˜
α, (113)
in terms of e˜a, ω˜ab and ψ˜ which are the components of the osp (4|1) connection.
The associated two-form curvature F = dA+A ∧ A is
F = FATA =
1
2
∑
k
Rab,(k)Jab,(k) +
1
l
∑
l
Ra,(l)Pa,(l) +
1√
l
∑
p
Ψα,(p)Qα,(p),
(114)
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where
Rab,(k) = dωab,(k) + ωa (i)c ∧ ωcb,(j)δki+j +
1
l2
ea,(l)eb,(n)δkl+n
+
1
2l
ψ¯(p)γab ∧ ψ(q)δ2kp+q, (115)
Ra,(l) = dea,(l) + ω
a (k)
b ∧ eb,(n)δlk+n −
1
2
ψ¯(p)γa ∧ ψ(q)δ2lp+q, (116)
Ψ(p) = dψ(p) +
1
4
ω
(k)
ab γ
ab ∧ ψ(q)δpk+q +
1
2l
ea,(l)γa ∧ ψ(q)δpl+q, (117)
with k = 0, . . . ,m; l = p = 1, . . . ,m. The Bianchi identities can be obtained
by considering ∇F = 0, where ∇ = d+ [A, ·],
DRab,(k) =
(
Rac,(i)ω b,(j+1)c −Rbc,(i)ω a,(j+1)c
)
δki+j+1
+
1
l
(
Ra,(l)eb,(n) − ea,(n)Rb,(l)
)
δkl+n −
1
l
ψ¯(p)γabΨ(q)δ2kp+q, (118)
DRa,(l) = Rab,(i)e ,(j)b δli+j +Rc,(n)ω a,(j+1)c δln+j+1 + ψ¯(p)γaΨ(q)δ2lp+q, (119)
DΨ(p) =
1
4
(
Rab,(i)γabψ(q)
)
δpi+q −
1
4
(
ωab,(i+1)γabΨ
(q)
)
δpi+1+q
+
1
2l
(
T a,(l)γaψ
(q)
)
δpl+q −
1
2l
(
ea,(l)γaΨ
(q)
)
δpl+q, (120)
where D corresponds to the Lorentz covariant exterior derivative D = d+ [ω, ·].
Then the action can be written as
S = 2
∫
〈F ∧ F 〉 = 2
∫
FA ∧ FB 〈TATB〉 , (121)
where 〈TATB〉 corresponds to an S-expanded invariant tensor which is obtained
from (18). Using Theorem VII.1 of Ref. [9] it is possible to show that these
components are given by〈
Jab,(k)Jcd,(j)
〉
sMm+2
= α2(k+j) 〈JabJcd〉 , (122)〈
Qα,(p)Qβ,(q)
〉
sMm+2
= α2(p+q−1) 〈QαQβ〉 , (123)
which can be written as〈
Jab,(k)Jcd,(j)
〉
sMm+2
= α2(k+j)ǫabcd, (124)〈
Qα,(p)Qβ,(q)
〉
sMm+2
= 2α2(p+q−1) (γ5)αβ , (125)
where the α’s are arbitrary independent constants and Jab,(k), Qα,(p) are given
by (101) , (103), respectively. Using the different components of the invariant
tensor (124)− (125) and the two-form curvature (114), we found that the action
is given by
S = 2
∫ ∑
k,j
α2(k+j)
2
ǫabcdRab,(k)Rcd,(j) +
∑
p,q
α2(p+q−1)
4
l
Ψ¯(p) ∧ γ5Ψ(q), (126)
with k, j = 0, . . . ,m; p, q = 1, . . . ,m.
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5.1 sMm+2 gauge transformations and supersymmetry
The gauge transformation of the connection A is
δρA = Dρ = dρ+ [A, ρ] (127)
where ρ is the sMm+2 gauge parameter:
ρ =
1
2
∑
k
ρab,(k)Jab,(k) +
1
l
∑
l
ρa,(l)Pa,(l) +
1√
l
∑
p
ǫα,(p)Qα,(p). (128)
Here we have written the components of the gauge parameter as an S-expansion
of the component of the osp (4|1) gauge parameter,
ρab,(k) = λ2kρ˜
ab,
ρa,(l) = λ2lρ˜
a,
ǫα,(p) = λ2p−1ǫ˜
α,
with k = 0, . . . ,m; l = p = 1, . . . ,m and λi ∈ S(2m)E = {λ0, λ1, λ2, · · · , λ2m+1}.
Then, using the multiplication law of the semigroup (99) and
δ
(
AATA
)
= dρ+
[
ABTB, ρ
CTC
]
, (129)
it is possible to show that the gauge transformations are given by
δωab,(k) = Dρab,(k) −
(
ωac,(i+1)ρb ,(j)c − ωbc,(i+1)ρa ,(j)c
)
δki+j+1
+
2
l2
ea,(l)ρb,(n)δkl+n −
1
l
ǫ¯(p)γabψ(q)δ2kp+q, (130)
δea,(l) = Dρa,(l) + ω
a ,(k+1)
b ρ
b,(n)δlk+n+1 + e
b,(n)ρ
a,(k)
b δ
l
n+k + ǫ¯
(p)γaψ(q)δ2lp+q,
(131)
δψ(p) = dǫ(p) +
1
4
ωab,(k)γabǫ
(q)δpk+q +
1
2l
ea,(l)γaǫ
(q)δpl+q
− 1
4
ρab,(k)γabψ
(q)δpk+q −
1
2l
ρa,(l)γaψ
(q)δpl+q. (132)
In the same way, from the gauge variation of the curvature
δλF = [F, λ] (133)
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it is possible to show that the gauge transformations of the curvature F are
given by
δRab,(k) =
(
Rac,(i)ρ b,(j)c −Rcb,(i)ρa ,(j)c
)
δki+j +
2
l2
Ra,(l)ρb,(n)δkl+n
− 1
l
ǫ¯(p)γabΨ(q)δ2kp+q, (134)
δRa,(l) = Ra ,(k)b ρb,(n)δlk+n +Rb,(n)ρ a,(k)b δlk+n + ǫ¯(p)γaΨ(q)δ2lp+q, (135)
δΨ(p) =
1
4
Rab,(k)γabǫ(q)δpk+q +
1
2l
Ra,(l)γaǫ
(q)δpl+q −
1
4
ρab,(k)γabΨ
(q)δpk+q
− 1
2l
ρa,(l)γaΨ
(q)δpl+q, (136)
with k = i = j = 0, . . . ,m; l = n = p = q = 1, . . . ,m.
Although the Mac Dowell-Mansouri like action (126) is built from the sMm+2
curvature, it is not invariant under the sMm+2 gauge transformations.
Besides the action is not invariant under gauge supersymmetry. In fact, if
we consider the variation of the action (126) under gauge supersymmetry related
to Q(1), we find
δsusyS = − 4
l2
∫ ∑
k
α2kR
a,(l)Ψ¯(p)γaγ5ǫδ
k
l+p, (137)
with k = 2, . . . ,m; l, p ≥ 1 and where ǫ is the gauge parameter associated to
the spinor charge Q(1).
As in the previous case the action is invariant for every value of k under
gauge supersymmetry imposing the expanded super torsion constraint
Ra,(l) = 0. (138)
This yields to express the expanded spin connection ωab,(k) in terms of the
expanded fields as we can see in (116). This leads to the supersymmetric
action for the sMm+2 superalgebra in the second order formalism.
Alternatively, since the α’s are arbitrary and independent we can study
the supersymmetry in each term separately. Then if we consider the variation
of the action proportional to α2k under gauge supersymmetry transformations
asociated to Q(k−1), we find
δsusyS = − 4
l2
α2k
∫
RaΨ¯γaγ5ǫ
(k−1),
with k = 2, . . . ,m and where ǫ(k−1) is the gauge parameter associated to the
spinor charge Q(k−1). Here R
a and Ψ correspond to Ra,(1) and Ψ(1) respec-
tively.
It is possible to have invariance under supersymmetry in first order formal-
ism in every term if we modify the supersymmetry transformation for every
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expanded spin connection. In fact, if we consider the variation of the action
under an arbitrary δωab,(k−2) we find
δωS =
2
l2
α2k
∫
ǫabcdR
aebδωcd,(k−2), (139)
with k = 2, . . . ,m; Ra = Ra,(1) and ea = ea,(1). One can see that the variation
vanishes for arbitrary δωab,(k−2) if Ra = 0.
Nevertheless it is possible to modify δωab,(k−2) by adding an extra piece such
that the variation of the action (∼ α2k) can be written as
δS = − 4
l2
α2k
∫
Ra
(
Ψ¯γaγ5ǫ
(k−1) − 1
2
ǫabcde
bδextraω
cd,(k−2)
)
. (140)
Thus the transformation of the ωab,(k−2) field leaving the term proportional to
α2k invariant is
δextraω
ab,(k−2) = 2ǫabcd
(
Ψ¯ecγdγ5ǫ
(k−1) + Ψ¯deγcγ5ǫ
(k−1) − Ψ¯cdγeγ5ǫ(k−1)
)
ee,
with Ψ¯ = Ψ¯abe
aeb.
On the other hand, it is important to note that the term proportional to
α2k is truly invariant under gauge supersymmetry transformations associated
to Q(q), with q ≥ k.
Clearly for m = 2 in sMm+2 we recover the results presented in the previous
section.
5.2 Pure supergravity from the minimal Maxwell algebra
type sMm+2
Since we are interested in obtaining the Einstein-Hilbert and the Rarita-
Schwinger terms, we shall consider only the piece proportional to α4. Then the
action is written with the following choice for the non-vanishing components of
an invariant tensor
〈
Jab,(0)Jcd,(4)
〉
sMm+2
= α4 〈JabJcd〉 , (141)〈
Jab,(2)Jcd,(2)
〉
sMm+2
= α4 〈JabJcd〉 , (142)〈
Qα,(1)Qβ,(3)
〉
sMm+2
= α4 〈QαQβ〉 , (143)
which can be written as
〈
Jab,(0)Jcd,(4)
〉
sMm+2
= α4ǫabcd, (144)〈
Jab,(2)Jcd,(2)
〉
sMm+2
= α4ǫabcd, (145)〈
Qα,(1)Qβ,(3)
〉
sMm+2
= 2α4 (γ5)αβ . (146)
Then we only need the two-form curvatures asociated to Jab,(0), Jab,(2), J(ab,4),
Qα,(1) and Qα,(3) which can be derived from (115)− (117)
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Considering the different non-vanishing components of the invariant tensor
and the respective two-form curvatures we obtain the following action for the
S-expanded superalgebra
S = 2α4
∫ (
1
2
ǫabcdRab,(0)Rcd,(4) + 1
4
ǫabcdRab,(2)Rcd,(2) + 4
l
Ψ¯(3) ∧ γ5Ψ(1)
)
,
(147)
which can be written explicitly as follows
S = α4
∫
ǫabcd
1
l2
(
Rab,(0)ec,(2)ed,(2) + 4ψ¯(1)ea,(2)γaγ5Dωψ(1)
)
+ d
(
ǫabcd
(
Rab,(0)ωab,(4) + 1
2
Dωω
ab,(2)ωcd,(2)
)
+
8
l
Dωψ¯
(1)γ5ψ
(3) +
1
l
ψ¯(1)ωab,(2)γabγ5ψ
(1)
)
(148)
Here we have used the gravitino Bianchi identity DΨ(1) = 14R
abγabΨ
(1) and the
matrix gamma identity (62) to show that
ǫabcdRab,(0)ψ¯(3)γcdψ(1) + 8Dψ¯(1)γ5Dωψ(3) = D
(
8Dωψ¯
(1)γ5ψ
(3)
)
1
2
ǫabcdDω
ab,(2)ψ¯(1)γcdψ(1) + 2ψ¯(1)ωab,(2)γabγ5Dψ
(1) = D
(
ψ¯(1)ωab,(2)γabγ5ψ
(1)
)
.
Then using the following identification
ωab,(0) = ωab, ωab,(2) = k˜ab,
ωab,(4) = kab, ea,(2) = ea,
Rab,(0) = Rab, ψ(1) = ψ,
ψ(3) = ξ,
the action is given by
S = α4
∫
ǫabcd
1
l2
(
Rabeced + 4ψ¯eaγaγ5Dωψ
)
+ d
(
ǫabcd
(
Rabkcd +
1
2
Dωk˜
abk˜cd
)
+
8
l
ξ¯γ5Dωψ +
1
l
ψ¯k˜abγabγ5ψ
)
(149)
Here we can see that the action proportional to α4 contains the Einstein-
Hilbert term ǫabcdR
abeced, the Rarita-Schwinger lagrangian 4ψ¯eaγaγ5Dψ and a
boundary term involving the new fields kab, k˜ab, ξ and the original ones.
Unlike the Mac Dowell-Mansouri lagrangian for osp (4|1) superalgebra the
supersymmetric cosmological constant does not appear explicitly in this action.
This is due to the S-expansion procedure since if we want to obtain the super-
symmetric cosmological constant
1
2l4
eaebeced +
1
l3
ψ¯γabψeced
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in the action, it should be necessary to consider the components
〈
Jab,(4)Jcd,(4)
〉
and
〈
Jab,(2)Jcd,(4)
〉
which are proportional to α8 and α6, respectively.
Independently of the numbers of new generators of the Maxwell superal-
gebra, the new Maxwell fields do not contribute to the dynamics of the term
proportional to α4. In this way, we have shown that N = 1, D = 4 pure super-
gravity can be obtained as a Mac Dowell-Mansouri like action for the minimal
Maxwell superalgebras sMm+2 (with m > 1).
S = α4
∫
1
l2
[
ǫabcdR
abeced + 4ψ¯eaγaγ5Dψ
]
+ boundary terms. (150)
It is important to note that the case m = 1 corresponds to D = 4 Poincare´
superalgebra sP = {Jab, Pa, Qα} as mencioned in Ref. [15]. However it is not
possible to derive the pure supergravity action from a Mac Dowell-Mansouri like
action for this superalgebra since it is not possible to obtain the Eintein-Hilbert
term from 〈JabJcd〉 for sP .
6 Comments and possible developments
In the present work we have derived the minimal D = 4 supergravity action
from the minimal Maxwell superalgebra sM4. For this purpose we have applied
the abelian semigroup expansion procedure to the osp (4|1) superalgebra allow-
ing us to build a Mac Dowell-Mansouri like action. Interestingly, the action
obtained describes pure supergravity in four dimensions. This result can be
seen as a supersymmetric generalization of Ref. [12] in which four-dimensional
General Relativity is derived from Maxwell algebra as a Born-Infeld like action.
We have also obtained the D = 4 supergravity action from the minimal
Maxwell superalgebra type sMm+2 using bigger semigroups. These superal-
gebras enlarge the pure supergravity action adding new terms containing new
Maxwell symmetries. In particular, the action found in Ref. [18] can be ob-
tained when the simplest Maxwell superalgebra is considered. The invariance of
the actions under the new supersymmetry transformations has been analized in
detail.
Our results provide another example showing that the S-expansion proce-
dure is not only a useful method to derive new lie superalgebras but it is a
powerful and simple tool in order to construct a supergravity action for an S-
expanded superalgebra. Moreover the invariance of the pure supergravity action
under new supersymmetry transformations could not be guessed trivially.
A future work could be consider the N -extended Maxwell superalgebras and
the construction of N -extended supergravities in a very similar way to the one
shown here. It would be also interesting to build lagrangians in odd dimensions
using the Chern-Simons formalism and the S-expansion method. It seems that
it should be possible to recover standard odd-dimensional supergravity from the
Maxwell superalgebras [work in progress].
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